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An effect of the differential rotation on the nonlinear electromotive force in MHD turbulence is
found. It includes a nonhelical α effect which is caused by a differential rotation, and it is independent
of a hydrodynamic helicity. There is no quenching of this effect contrary to the quenching of
the usual α effect caused by a hydrodynamic helicity. The nonhelical α effect vanishes when the
rotation is constant on the cylinders which are parallel to the rotation axis. The mean differential
rotation creates also the shear-current effect which changes its sign with the nonlinear growth
of the mean magnetic field. However, there is no quenching of this effect. These phenomena
determine the nonlinear evolution of the mean magnetic field. An effect of a uniform rotation on
the nonlinear electromotive force is also studied. A nonlinear theory of the Ω×J¯ effect is developed,
and the quenching of the hydrodynamic part of the usual α effect which is caused by a uniform
rotation and inhomogeneity of turbulence, is found. Other contributions of a uniform rotation to
the nonlinear electromotive force are also determined. All these effects are studied using the spectral
τ approximation (the third-order closure procedure). An axisymmetric mean-field dynamo in the
spherical and cylindrical geometries is considered. The nonlinear saturation mechanism based on
the magnetic helicity evolution is discussed. It is shown that this universal mechanism is nearly
independent of the form of the flux of magnetic helicity, and it requires only a nonzero flux of
magnetic helicity. Astrophysical applications of these effects are discussed.
PACS numbers: 47.65.+a; 47.27.-i
I. INTRODUCTION
Generation of magnetic fields by a turbulent flow of
conducting fluid is a fundamental problem which has
a large number of applications in solar physics, astro-
physics, geophysics, planetary physics and in laboratory
studies (see, e.g., [1, 2, 3, 4, 5, 6, 7, 8, 9], and refer-
ences therein). In recent time the problem of nonlinear
mean-field magnetic dynamo is a subject of active dis-
cussions (see, e.g., [10, 11, 12, 13, 14, 15, 16, 17, 18, 19,
20, 21, 22, 23, 24], and references therein). The con-
ventional approach to the nonlinear dynamo is based on
comparison of the three effects participating in dynamo
action, namely the α effect (caused by helical motions
of a turbulent fluid), the large-scale differential (nonuni-
form) rotation δΩ and the turbulent magnetic diffusivity
η
T
. The mean magnetic field is generated due to a com-
bined effect of the differential rotation and the α effect.
These effects have been considered as independent phe-
nomena. In particular, the electromotive force has been
determined independently of the differential rotation.
On the other hand, the differential rotation can be re-
garded as large-scale motions with a mean velocity shear
imposed on the small-scale turbulent fluid flow. An in-
teraction of the mean differential rotation with the small-
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scale turbulent motions can cause a generation of a mean
magnetic field even in a nonhelical, homogeneous and
incompressible turbulent fluid flow. This mechanism of
mean-field dynamo is associated with a shear-current ef-
fect which is determined by the W¯×J¯ term in the elec-
tromotive force, where W¯ is the mean vorticity caused by
the mean velocity shear and J¯ is the mean electric current
(see [25]). A nonlinear theory of a shear-current effect
in a nonrotating homogeneous and nonhelical turbulence
with an imposed mean velocity shear in a plane geome-
try was developed in [26]. It was shown that during the
nonlinear growth of the mean magnetic field, the shear-
current effect changes its sign, but there is no quenching
of this effect contrary to the quenching of the usual α
effect, the nonlinear turbulent magnetic diffusion, etc.
In this study we investigated the effects of differential
and uniform rotation on nonlinear electromotive force.
The main conclusion of this study is that the nonlinear
electromotive force cannot be determined independently
of the mean differential rotation. We found a nonheli-
cal α effect which is caused by a differential rotation and
is independent of a hydrodynamic helicity. There is no
quenching of this effect contrary to the quenching of the
usual α effect caused by a hydrodynamic helicity. The
mean differential rotation of fluid can decrease the to-
tal α effect due to the nonhelical α effect. Two kinds of
the α effect (helical and nonhelical) have opposite signs.
Therefore, the total α effect should always change its sign
during the nonlinear growth of the mean magnetic field
because there is a quenching of the usual (helical) α ef-
fect. This can saturate the growth of the mean magnetic
2field.
The mean differential rotation creates also the shear-
current effect. We found that the mean differential ro-
tation increases the growth rate of the large-scale dy-
namo instability at a weak mean magnetic field due to
the shear-current effect, and causes a saturation of the
growth of the mean magnetic field at a stronger field.
Note that the applications of the obtained results to the
solar convective zone shows that the nonlinear shear-
current effect becomes dominant at least at the base of
the convective zone. We found that the nonlinear func-
tion σ0(B¯) defining the shear-current effect is the same
for a turbulence with a mean differential rotation in cylin-
drical and spherical geometries for an axisymmetric mean
field dynamo problem and for a nonrotating turbulence
with an imposed linear mean velocity shear in a plane
geometry. The latter case was investigated in [26].
We also studied an effect of a uniform rotation on the
nonlinear electromotive force. In particular, we devel-
oped a nonlinear theory of the Ω×J¯ effect and we de-
termined the nonlinear quenching of the hydrodynamic
part of the α effect which is caused by both, a uniform
rotation and inhomogeneity of turbulence. Other nonlin-
ear coefficients defining the nonlinear electromotive force
are also determined as a function of a uniform rotation.
In this study we considered a uniform rotation with a
small rotation rate in comparison with the correlation
time of the fluid turbulent velocity field. We studied all
the above effects using the spectral τ approximation (the
third-order closure procedure).
This paper is organized as follows. In Section II we for-
mulated the assumptions and the method of the deriva-
tion of the nonlinear electromotive force in a turbulence
with a uniform and nonuniform rotations. In Section
III we considered axisymmetric mean-field dynamo equa-
tions and determined the coefficients defining the electro-
motive force for a rotating turbulence. In Section III we
also discussed in details the effects of differential and uni-
form rotation on nonlinear coefficient defining the elec-
tromotive force. In Section IV we analyzed the nonlinear
saturation of the mean magnetic field and discussed the
astrophysical applications of the obtained results. In Ap-
pendix A we derived the nonlinear electromotive force in
a turbulence with uniform and nonuniform rotations.
II. THE METHOD OF DERIVATIONS
In a framework of the mean-field approach the evo-
lution of the mean magnetic field B¯ is determined by
equation
∂B¯
∂t
=∇× (U¯× B¯+ E − η∇× B¯) (1)
(see, e.g., [1, 2, 3, 4, 5, 6]), where U¯ is a mean velocity
(the differential rotation), η is the magnetic diffusion due
to the electrical conductivity of fluid. The general form
of the electromotive force E = 〈u × b〉 in an anisotropic
turbulence is given by
Ei = αijB¯j + (Veff×B¯)i − ηij(∇×B¯)j
−[δ×(∇×B¯)]i − κijk(∂Bˆ)jk (2)
(see [27, 28]), where (∂Bˆ)ij = (1/2)(∇iB¯j + ∇jB¯i), u
and b are fluctuations of the velocity and magnetic field,
respectively, angular brackets denote averaging over an
ensemble of turbulent fluctuations, the tensors αij and
ηij describe the α-effect and the turbulent magnetic dif-
fusion, respectively, Veff is the effective diamagnetic (or
paramagnetic) velocity, κijk and δ describe an evolution
of the mean magnetic field in an anisotropic turbulence.
Nonlinearities in the mean-field dynamo imply depen-
dencies of the coefficients (αij , ηij ,V
eff , etc.) defining
the electromotive force on the mean magnetic field.
The method of the derivation of equation for the non-
linear electromotive force in a rotating turbulence is sim-
ilar to that used in [26] for a nonrotating turbulence with
an imposed mean velocity shear. We consider the case
of large hydrodynamic and magnetic Reynolds numbers.
The momentum equation and the induction equation for
the turbulent fields in a frame rotating with an angular
velocity Ω are given by
∂u(t,x)
∂t
= −∇ptot
ρ0
+
1
µρ0
[(b ·∇)B¯+ (B¯ ·∇)b]
+2u×Ω− (U¯ ·∇)u− (u ·∇)U¯
+uN + F , (3)
∂b(t,x)
∂t
= (B¯ ·∇)u− (u ·∇)B¯− (U¯ ·∇)b
+(b ·∇)U¯+ bN , (4)
where ∇ · u = 0, ρ0 is the fluid density, µ is the mag-
netic permeability of the fluid, ρ0F is a random exter-
nal stirring force, uN and bN are the nonlinear terms
which include the molecular dissipative terms, ptot =
p + µ−1 (B¯ · b) are fluctuations of the total pressure, p
are fluctuations of the fluid pressure. Hereafter we omit
the magnetic permeability of the fluid, µ, in equations,
i.e., we include µ−1/2 in the definition of magnetic field.
We study the effect of a mean rotation of the fluid on
the nonlinear electromotive force. We split rotation into
uniform and differential parts. By means of Eqs. (3)-(4)
written in a Fourier space we derive equations for the cor-
relation functions of the velocity field fij(k) = Lˆ(ui;uj),
of the magnetic field hij(k) = Lˆ(bi; bj) and for the cross
helicity gij(k) = Lˆ(bi;uj), where
Lˆ(a; c) =
∫
〈a(t,k+K/2)c(t,−k+K/2)〉
× exp (iK·R)dK , (5)
and R and K correspond to the large scales, and r and k
to the small ones (see, e.g., [29, 30]). The equations for
these correlation functions are given by Eqs. (A1)-(A3)
3in Appendix A. These equations for the second moments
contain high moments and a closure problem arises (see,
e.g., [31, 32, 33]). We apply the spectral τ approximation
or the third-order closure procedure (see, e.g., [19, 20, 31,
34, 35, 36, 37, 38]), which allows to express the deviations
of the third moments from the background turbulence in
k space in terms of the corresponding deviations of the
second moments, e.g.,
DˆfNij − DˆfN(0)ij = −(fij − f (0)ij )/τ(k) , (6)
DˆhNij − DˆhN(0)ij = −(hij − h(0)ij )/τ(k) , (7)
DˆgNij = −gij/τ(k) , (8)
where the tensors DˆfNij , Dˆh
N
ij and Dˆg
N
ij are related to
the third moments in equations for the second moments
fij , hij and gij , respectively (see Eqs. (A1)-(A3) in Ap-
pendix A). The correlation functions with the superscript
(0) determine the background turbulence (with a zero
mean magnetic field, B¯ = 0), and h
(0)
ij is the nonheli-
cal part of the tensor of magnetic fluctuations of the
background turbulence, τ(k) is the characteristic relax-
ation time of the statistical moments. We applied the
τ -approximation only for the nonhelical part hij of the
tensor of magnetic fluctuations. The helical part h
(H)
ij
depends on the magnetic helicity, and it is determined
by the dynamic equation which follows from the mag-
netic helicity conservation arguments [4, 39] (see also
[12, 14, 17, 21, 22, 23]). In the present paper we con-
sider an intermediate nonlinearity which implies that the
mean magnetic field is not enough strong in order to af-
fect the correlation time of turbulent velocity field. We
also consider uniform rotation with a small rotation rate
in comparison with the correlation time of the fluid tur-
bulent velocity field (Ω τ0 ≪ 1). The mean velocity shear
due to the differential rotation is considered to be weak
(δΩ τ0 ≪ 1). For the integration in k-space of the second
moments we use the following model of the background
turbulence (with zero mean magnetic field, B¯ = 0 and
without rotation):
f
(0)
ij (k) = E(k)
{
〈u2〉(0)
[
δij − kij + i
2k2
(kiΛ
(v)
j
−kjΛ(v)i )
]
− 1
2k2
[
εijn(2ikn + kmn∇m)
−(kinεjnm + kjnεinm)∇m
]
µv
}
, (9)
h
(0)
ij (k) = 〈b2〉(0)E(k)
[
δij − kij + i
2k2
(kiΛ
(b)
j
−kjΛ(b)i )
]
, (10)
where εijk is the Levi-Civita tensor, δij is the Kro-
necker tensor, kij = kikj/k
2, E(k) = −(dτ¯ (k)/dk)/8πk2,
τ(k) = 2τ0τ¯ (k), τ¯ (k) = (k/k0)
1−q, 1 < q < 3 is the
exponent of the kinetic energy spectrum (e.g., q = 5/3
for Kolmogorov spectrum), k0 = 1/l0, and l0 is the
maximum scale of turbulent motions, τ0 = l0/u0, u0
is the characteristic turbulent velocity in the scale l0,
Λ
(v)
i = ∇i〈u2〉(0)/〈u2〉(0), Λ(b)i = ∇i〈b2〉(0)/〈b2〉(0), and
µv = 〈u · (∇×u)〉(0) is the hydrodynamic helicity of
the background turbulence,
∫
f
(0)
ij (k) dk = (〈u2〉(0)/3)δij
and
∫
h
(0)
ij (k) dk = (〈b2〉(0)/3)δij . Note that g(0)ij (k) = 0.
Here we neglected a very small magnetic helicity in the
background turbulence. However, the magnetic helic-
ity in a turbulence with a nonzero mean magnetic field
is not small (see Section III-D). The derived equations
allow us to determine the nonlinear electromotive force
Ei = εimn
∫
gnm(k) dk in a rotating turbulence (see for
details, Appendix A).
III. THE NONLINEAR ELECTROMOTIVE
FORCE IN A ROTATING TURBULENCE FOR
AN AXISYMMETRIC DYNAMO
We consider the axisymmetric αΩ-dynamo problem.
In cylindrical coordinates (ρ, ϕ, z) the axisymmetric
mean magnetic field, B¯ = B(ρ, z) eϕ + ∇×[A(ρ, z)eϕ],
is determined by the dimensionless equations
∂A
∂t
=
[
α(B¯) +W∗ σ1(B¯)∇z(δΩ)
]
B + η
A
(B¯)∆sA
−1
ρ
(VA(B¯) ·∇)(ρA) −W∗ σ0(B¯) (ΩˆB)
−Ω∗ δΩ0 (B¯) (ωˆ ·∇)B , (11)
∂B
∂t
= D (ΩˆA) + ρ∇ ·
[
1
ρ2
[η
B
∇−VB(B¯)](ρB)
]
,
(12)
where Ω∗ = 3Ω τ0/Rα = [Ω/(δΩ)∗]W∗ , W∗ =
(l0/L)
2 (Rω/Rα), ωˆ = Ω/Ω and
(ΩˆB) = [∇z(δΩ)∇ρ −∇ρ(δΩ)∇z ](ρB) ,
VA(B¯) = Vd(B¯)− φ3(B¯)
2
Λ(B) − φ2(B¯)
ρ
eρ ,
VB(B¯) = Vd(B¯) +
φ2(B¯) + φ3(B¯)
ρ
eρ ,
Vd(B¯) = −φ1(B¯)
2
(Λ(v) − ǫΛ(b)) L
L
T
,
and ∆s = ∆−1/ρ2, and Λ(B) = (∇B¯2)/B¯2. The nonlin-
ear coefficients α(B¯), η
A
(B¯), η
B
(B¯) defining the nonlin-
ear α effect and the nonlinear turbulent magnetic diffu-
sion of the poloidal and toroidal components of the mean
magnetic field, are determined by Eqs. (15) and (21) in
Section III-A. The nonlinear coefficients σ0(B¯) defining
the shear-current effect and σ1(B¯) defining the nonheli-
cal α effect, are determined in Section III-B. The coeffi-
cient δΩ0 (B¯) defining the nonlinear Ω×J¯ effect, is deter-
mined in Section III-C. The quenching functions φn(B¯)
4are determined by Eqs. (22) in Section III-A. Note that
in the equations for the nonlinear effective drift velocities
VA(B¯) and VB(B¯) of the poloidal and toroidal compo-
nents of the mean magnetic field we neglected small con-
tributions ∼ O[(l0/L)2] caused by the mean differential
rotation.
Equations (11) and (12) are written in the dimen-
sionless form, where length is measured in units of L,
time in units of L2/η
T
and the mean magnetic field B¯
is measured in units of the equipartition energy B¯eq =√
ρ0 u0, the magnetic potential A is measured in units
of Rα L B¯eq, the nonlinear α is measured in units of α∗
(the maximum value of the hydrodynamic part of the
α effect), the basic scale of the turbulent motions l and
turbulent velocity
√
〈u2〉 at the scale l are measured in
units of their maximum values l0 and u0, respectively, the
dimensionless parameters Λ(v) and Λ(b) are measured in
the units of L−1
T
and Λ(B) is measured in the units of
L−1, the differential rotation δΩ is measured in units
of (δΩ)∗, the nonlinear turbulent magnetic diffusion co-
efficients η
A,B
(B¯) are measured in the units of η
T
and
the nonlinear effective drift velocities VA,B(B¯) are mea-
sured in the units of η
T
/L. We define Rα = Lα∗/ηT ,
Rω = (δΩ)∗ L2/ηT , the characteristic value of the tur-
bulent magnetic diffusivity η
T
= l0u0/3, the dynamo
number D = RωRα and Rm = l0u0/η is the magnetic
Reynolds number.
In spherical coordinates (r, θ, ϕ) the axisymmetric
mean magnetic field, B¯ = B(r, θ) eϕ + ∇×[A(r, θ)eϕ],
is determined by the dimensionless equations
∂A
∂t
=
[
α(B¯) +W∗ σ1(B¯)∇z(δΩ)
]
B + η
A
(B¯)∆sA
− 1
r sin θ
(VA(B¯) ·∇)A˜−W∗ σ0(B¯) (ΩˆB)
−Ω∗ δΩ0 (B¯) (ωˆ ·∇)B , (13)
∂B
∂t
= D (ΩˆA) + r sin θ∇ ·
[
1
r2 sin2 θ
[η
B
∇
−VB(B¯)]B˜
]
, (14)
where A˜ = r sin θ A, B˜ = r sin θ B,
(ΩˆB) = [∇r(δΩ)∇θ −∇θ(δΩ)∇r ]B˜ ,
∇z = cos θ∇r − sin θ∇θ ,
VA(B¯) = Vd(B¯)− φ3(B¯)
2
Λ(B) − φ2(B¯)
r
(er + cot θ eθ),
VB(B¯) = Vd(B¯) +
φ2(B¯) + φ3(B¯)
r
(er + cot θ eθ) ,
∆s = ∆− 1/(r sin θ)2 and ∇θ = (1/r) (∂/∂θ). Note that
ρ = r sin θ.
A. The nonlinear α effect and the nonlinear
turbulent magnetic diffusion coefficients of the mean
magnetic field
The nonlinear α effect is given by α(B¯) = αv + αm,
where αv = χvφv(B¯) + αΩ is the hydrodynamic part
of the α effect, and αm = χc(B¯)φm(B¯) is the magnetic
part of the α effect, and the dimensionless parameter
χv = −τ0 µv/3α∗ is related to the hydrodynamic helicity
µv = 〈u · (∇×u)〉(0) of the background turbulence, the
dimensionless function χc(B¯) = (τ0/3ρ0α∗)〈b · (∇×b)〉
is related to the current helicity 〈b · (∇×b)〉. Here χv
and χc are measured in units of α∗, τ0 = l0/u0 is the
correlation time of turbulent velocity field and αΩ is the
contribution to the hydrodynamic part of the α effect
caused by a uniform rotation and inhomogeneity of tur-
bulence. Thus,
α(B¯) = χvφv(B¯) + αΩ + χc(B¯)φm(B¯) , (15)
[see Eqs. (A28) and (A50) in Appendix A], where
αΩ = −2
3
LΩ∗
L
T
ωˆ·[φΩ1 (B¯)Λ(v) + ǫ φΩ2 (B¯)Λ(b)] ,(16)
the quenching functions φv(B¯) and φm(B¯) are given by
φv(B¯) =
12
7β2
[
1− arctanβ
β
]
+
3
7
L˜(β) , (17)
φm(B¯) =
3
β2
[
1− arctanβ
β
]
(18)
(see [19]), where β =
√
8B¯ and L˜(y) = 1−2y2+2y4 ln(1+
y−2). Thus φv(B¯) = 2/β2 and φm(B¯) = 3/β2 for β ≫ 1;
and φv(B¯) = 1 − (6/5)β2 and φm(B¯) = 1 − (3/5)β2 for
β ≪ 1. The quenching functions φΩ1 (B¯) and φΩ2 (B¯) are
determined by Eqs. (A51) and (A52) in Appendix A.
The function χc(B¯) entering the magnetic part of the
α effect is determined by the dynamical equation (29).
Note that in Eq. (15) we neglected small contributions
∼ O(δΩ/Ω) caused by the mean differential rotation and
inhomogeneity of turbulence [these effects are given by
Eqs. (A68)-(A70) in Appendix A]. For a nonhelical back-
ground turbulence the first term, χvφv(B¯), in Eq. (15)
vanishes.
The contribution to the nonlinear α effect caused by
a uniform rotation for a weak mean magnetic field B¯ ≪
B¯eq/4 is given by
αΩ = −16
15
LΩ∗
L
T
ωˆ·
[
Λ(v) − ǫ
3
Λ(b)
−180
7
(
Λ(v) − 3ǫ
5
Λ(b)
)
B¯2
]
, (19)
and B¯ ≫ B¯eq/4 it is given by
αΩ = − 1
3β2
LΩ∗
L
T
ωˆ·(Λ(v) + ǫΛ(b))
−11Ω∗
3β
(ωˆ·Λ(B)) (1− 1.3ǫ) , (20)
5[see Eqs. (A53) and (A56) in Appendix A], where the
parameter ǫ = 〈b2〉(0)/〈u2〉(0) is the ratio of the mag-
netic and kinetic energies in the background turbulence.
Asymptotic formula (19) for αΩ in the limit of a very
small mean magnetic field coincides with that obtained
in [28] for q = 5/3.
The splitting of the nonlinear α effect into the hydrody-
namic, αv, and magnetic, αm, parts was first suggested in
[34]. The magnetic part αm includes two types of nonlin-
earity: the algebraic quenching described by the function
φm(B¯) (see [18, 19]) and the dynamic nonlinearity which
is determined by Eq. (29). The algebraic quenching of
the α-effect is caused by the direct and indirect modifi-
cation of the electromotive force by the mean magnetic
field. The indirect modification of the electromotive force
is caused by the effect of the mean magnetic field on the
velocity fluctuations and on the magnetic fluctuations,
while the direct modification is due to the effect of the
mean magnetic field on the cross-helicity (see [19, 20]).
The nonlinear turbulent magnetic diffusion coefficients
of the mean magnetic field are given by
η
A
(B¯) = φ1(B¯) , ηB (B¯) = φ1(B¯) + φ3(B¯) (21)
(see [26]), where the quenching functions φk(B¯) are given
by
φ1(B¯) = A
(1)
1 (4B¯) +A
(1)
2 (4B¯) , (22)
φ2(B¯) = −1
2
(1 + ǫ)A
(1)
2 (4B¯) ,
φ3(B¯) = (2− 3ǫ)A(1)2 (4B¯)− (1− ǫ)
3
2π
A¯2(16B¯
2) ,
the functions A¯k(y) and A
(1)
k (y) are given by Eqs. (A22)-
(A24) in Appendix A. The asymptotic formulas for the
functions φk(B¯) for B¯ ≪ B¯eq/4 are given by φ1(B¯) =
1− (12/5)β2, φ2(B¯) = 1− (4/5) (1 + ǫ)β2 and φ3(B¯) =
−(8/5) (1 − 2ǫ)β2. For B¯ ≫ B¯eq/4 they are given by
φ1(B¯) = 1/β
2, φ2(B¯) = φ3(B¯) = 2(1 + ǫ)/3β, where
β =
√
8B¯. Note that in Eq. (21) we neglected small con-
tributions ∼ O[(l0/L)2] caused by the mean differential
rotation.
B. The nonlinear coefficients σ0(B¯) and σ1(B¯)
defining the shear-current effect and the nonhelical
α effect
The nonlinear coefficient σ0(B¯) describes the shear-
current effect (see [25, 26]) and σ1(B¯) determines the
nonhelical α effect. The parameters σ0(B¯) and σ1(B¯) are
determined by the corresponding contributions from the
δ(B¯) term, the ηij(B¯) term and the κijk(B¯) term in the
nonlinear electromotive force (2) caused by the mean dif-
ferential rotation. We found that the nonlinear function
σ0(B¯) defining the shear-current effect is the same for a
turbulence with a mean differential rotation in cylindri-
cal and spherical geometries for an axisymmetric mean
field dynamo problem and for a nonrotating turbulence
with an imposed linear mean velocity shear in a plane
geometry. The latter case was studied in [26].
To explain the physics of the shear-current effect, we
compare the α effect in the αΩ dynamo with the δ term
caused by the shear-current effect (see [25, 26]). The
α term in the nonlinear electromotive force which is re-
sponsible for the generation of the mean magnetic field
and caused by a uniform rotation and inhomogeneity of
turbulence, reads Eαi ≡ αvB¯i ∝ −(Ω ·Λ(v))B¯i (see [28]),
where Λ(v) determines the inhomogeneity of turbulence.
The δ term in the electromotive force caused by the
shear-current effect is given by Eδi ≡ −(δ×(∇×B¯))i ∝
−(W¯ ·∇)B¯i (see [25]), where the δ term is proportional
to the mean vorticity W¯ =∇×U¯ which is caused by the
differential rotation.
During the generation of the mean magnetic field in
both cases (in the αΩ dynamo and in the shear-current
dynamo), the mean electric current along the original
mean magnetic field arises. The α effect is related to
the hydrodynamic helicity ∝ (Ω ·Λ(v)) in an inhomoge-
neous turbulence. The deformations of the magnetic field
lines are caused by upward and downward rotating tur-
bulent eddies in the αΩ dynamo. Since the turbulence is
inhomogeneous (which breaks a symmetry between the
upward and downward eddies), their total effect on the
mean magnetic field does not vanish and it creates the
mean electric current along the original mean magnetic
field (see [2]).
In a turbulent flow with the mean differential rotation,
the inhomogeneity of the original mean magnetic field
breaks a symmetry between the influence of upward and
downward turbulent eddies on the mean magnetic field.
The deformations of the magnetic field lines in the shear-
current dynamo are caused by upward and downward
turbulent eddies which result in the mean electric current
along the mean magnetic field and produce the magnetic
dynamo (see [25, 26]).
Note that the differential rotation is described by
the gradient tensor of the mean velocity field ∇iU¯j =
(∂Uˆ)ij + εijn(∇×W¯)n/2, where the symmetric part of
the gradient tensor (∂Uˆ)ij = (∇iU¯j + ∇jU¯i)/2 is given
by
(∂U¯)ij =
1
2
[(ez×r)i∇j + (ez×r)j∇i] (δΩ) , (23)
and the mean vorticity W¯ in cylindrical coordinates is
given by
W¯ = −ρ (eρ∇z − ez∇ρ) (δΩ) , (24)
and in spherical coordinates the mean vorticity is
W¯ = r sin θ (er∇θ − eθ∇r) (δΩ) . (25)
The nonlinear coefficients σ0(B¯) and σ1(B¯) defining
the shear-current effect and the nonhelical α effect are
determined by Eqs. (A64) and (A65) in Appendix A.
The nonlinear dependencies of the parameters σ0(B¯) and
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FIG. 1: The nonlinear coefficient σ0(B¯) defining the shear-
current effect for ǫ = 0 (thin solid) and for ǫ = 1 (thin dashed);
and the nonlinear coefficient σ1(B¯) defining the nonhelical α
effect for different values of the parameter ǫ: ǫ = 0 (thick
solid); ǫ = 17/21 (thick dashed-dotted); ǫ = 1 (thick dashed).
σ1(B¯) are shown in FIG. 1 for different values of the pa-
rameter ǫ. The background magnetic fluctuations caused
by the small-scale dynamo and described by the param-
eter ǫ, increase the parameter σ0(B¯). For a weak mean
magnetic field B¯ ≪ B¯eq/4 the parameter σ0(B¯) is given
by σ0(B¯) = (4/45) (2− q + 3ǫ) (see [26]), where q is the
exponent of the energy spectrum of the background tur-
bulence. The latter equation is in agreement with that
obtained in [25] where the case a weak mean magnetic
field and ǫ = 0 was considered. In this equation we ne-
glected small contribution ∼ O[(4B¯/B¯eq)2]. The mean
magnetic field is generated due to the shear-current ef-
fect, when σ0(B¯) >, i.e., when the exponent of the energy
spectrum q < 2 + 3ǫ. Note that the parameter q varies
in the range 1 < q < 3. Therefore, when the level of the
background magnetic fluctuations caused by the small-
scale dynamo is larger than 1/3 of the kinetic energy of
the velocity fluctuations, the mean magnetic field can be
generated due to the shear-current effect for an arbitrary
exponent q of the energy spectrum of the velocity fluctu-
ations (see [26]).
For the Kolmogorov turbulence, i.e., when the expo-
nent of the energy spectrum of the background turbu-
lence q = 5/3, the parameters σ0(B¯) and σ1(B¯) for
B¯ ≪ B¯eq/4 are given by σ0(B¯) = (4/135) (1 + 9ǫ)
and σ1(B¯) = (2/135) (17 − 21ǫ). For B¯ ≫ B¯eq/4 they
are given by σ0(B¯) = −(11/135) (1 + ǫ) and σ1(B¯) =
(2/135) (1 + ǫ). It is seen from these equations and from
FIG. 1 that the nonlinear coefficient σ0(B¯) changes its
sign at some value of the mean magnetic field B¯ = B¯∗.
For instance, B¯∗ = 0.6B¯eq for ǫ = 0, and B¯∗ = 0.3B¯eq
for ǫ = 1. However, there is no quenching of this ef-
fect contrary to the quenching of the nonlinear α effect,
the nonlinear turbulent magnetic diffusion, the nonlinear
Ω×J¯ effect, etc.
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FIG. 2: The nonlinear coefficient δΩ0 (B¯) defining the Ω×J¯
effect for different values of the parameter ǫ: ǫ = 0 (dashed);
ǫ = 2/7 (dashed-dotted); ǫ = 1 (solid).
The mean differential rotation causes the nonhelical α
effect, W∗ σ1(B¯)∇z(δΩ) [see Eqs. (11) and (13)], which
is independent of a hydrodynamic helicity. It follows
from the asymptotic formula for σ1(B¯) at B¯ ≫ B¯eq/4
that there is no quenching of this effect contrary to the
quenching of the regular nonlinear α effect (see Section
III-A). These two kinds of the α effect have opposite
signs. Thus, the total α effect should change its sign
during the nonlinear growth of the mean magnetic field.
The nonhelical α effect vanishes if the mean rotation is
constant on the cylinders which are parallel to the rota-
tion axis. Note that σ1(B¯ = 0.1B¯eq) = 0 for ǫ = 1.
The δ term in the electromotive force which is re-
sponsible for the shear-current effect has been also cal-
culated in [40, 41] for a kinematic problem using the
second-order correlation approximation (SOCA). How-
ever, these studies did not found the dynamo action in
nonrotating and nonhelical shear flows. Note that the
second order correlation approximation (SOCA) is valid
for small hydrodynamic Reynolds numbers. Indeed, even
in a highly conductivity limit (large magnetic Reynolds
numbers) SOCA can be valid only for small Strouhal
numbers, while for large hydrodynamic Reynolds num-
bers (fully developed turbulence) the Strouhal number
is unity. Our recent studies for small hydrodynamic and
magnetic Reynolds numbers (using spectral τ approxima-
tion) also did not found the dynamo action in nonrotating
and nonhelical shear flows in agreement with [40, 41].
C. The nonlinear coefficient δΩ0 (B¯) defining the
Ω×J¯ effect
The δ term in the electromotive force which is caused
by a uniform rotation, describes the Ω× J¯ effect. This
effect in combination with the differential rotation can
cause a generation of the mean magnetic field even in a
7nonhelical turbulent flow (see [42, 43, 44, 45] and [28]),
where J¯ is the mean electric current. The nonlinear co-
efficient δΩ0 (B¯) defining the Ω×J¯ effect is determined by
δΩ0 (B¯) = −
2
3
[
Ψ4{C1 + C3}y − (1− ǫ)(Ψ2 + 4Ψ3){A1
+A2}y + (1 + ǫ)(A(2)1 (y) +A(2)2 (y))
]
y=4B¯
,
(26)
where the functions Ψk{X}y are determined by
Eqs. (A44) in Appendix A. The parameter δΩ0 (B¯) is de-
termined by the contributions from the δ(B¯) term, the
ηij(B¯) term and the κijk(B¯) term in the nonlinear elec-
tromotive force (2) caused by a uniform rotation. The
nonlinear coefficient δΩ0 (B¯) is shown in FIG. 2 for differ-
ent values of the parameter ǫ. The asymptotic formulas
for the coefficient δΩ0 (B¯) for a weak mean magnetic field
B¯ ≪ B¯eq/4 are
δΩ0 (B¯) =
8
135
(2− 7ǫ) , (27)
and for B¯ ≫ B¯eq/4 are
δΩ0 (B¯) = −
1
3β2
(34 + 19ǫ) . (28)
Asymptotic formula (27) for a weak mean magnetic field
(B¯ ≪ B¯eq/4) coincide with that obtained in [28] for q =
5/3.
D. The dynamical equation for the function χc(B¯)
The function χc(B¯) entering the magnetic part of the
α effect [see Eq. (15)] is determined by the dynamical
equation
∂χc
∂t
= −4
(
L
l0
)2
[E·B¯+∇ ·F (χ)]
−∇ · (U¯χc)− χc/T , (29)
(see, e.g., [17, 39]), where F (χ) is the nonadvective flux
of the magnetic helicity which serves as an additional
nonlinear source in the equation for χc (see [21, 22]),
U¯χc is the advective flux of the magnetic helicity, U¯
is the differential rotation, and T = (1/3)(l0/L)
2Rm is
the characteristic time of relaxation of magnetic helic-
ity. Equation (29) was obtained using arguments based
on the magnetic helicity conservation law. The func-
tion χc is proportional to the magnetic helicity, χc =
2χm/(9µη
T
ρ0) (see [17]), where χ
m = 〈a · b〉 is the mag-
netic helicity and a is the vector potential of small-scale
magnetic field. The physical meaning of Eq. (29) is that
the total magnetic helicity is a conserved quantity and if
the large-scale magnetic helicity grows with mean mag-
netic field, the evolution of the small-scale helicity should
somehow compensate this growth. Compensation mech-
anisms include dissipation and various kinds of transport
(see [21, 22]).
In order to demonstrate an important role of the non-
advective flux of the magnetic helicity, let us consider
a local model in cylindrical coordinates, when the mean
magnetic field depend only on the vertical coordinate z
and A′ ≫ A/r, where A′ = ∂A/∂z and B¯ = Beϕ−A′er.
Since
∂A
∂t
= Eϕ , (30)
∂B
∂t
= E ′r −DA′ , (31)
we obtain that
E·B¯ = EϕB − ErA′ = B∂A
∂t
+ Er 1
D
∂B
∂t
− 1
2D
(E2r )′ ,
(32)
Then in steady state Eqs. (29) and (32) yield
E2r − 2DF (χ)z = const , (33)
where Er = ηBB′. Here we neglected the last term in
Eq. (29) which, e.g., for galactic dynamo is very small.
In a steady-state for fields of even parity with respect
to the disc plane, we obtain the solution of Eq. (33) for
positive C D
∫ B
0
η
B
(B˜)√
|F(B˜)|
dB˜ =
√
2|C D|
∫ 1
|z|
√
|χv(z˜)| dz˜ , (34)
where F (χ)z = C|F(B)||χv(z)|. The crucial point for the
dynamo saturation is a nonzero flux of magnetic helicity.
It follows from Eq. (34) that this saturation mechanism
is nearly independent of the form of the flux of magnetic
helicity. In that sense this is a universal mechanism which
limits growth of the mean magnetic field. If we assume
that |F(B¯)| ∼ B¯−2γ∗ , we obtain that the saturated mean
magnetic field is
B¯ϕ = |C D|
1
2γ∗
[∫ 1
|z|
√
|χv(z˜)| dz˜
] 1
γ∗
B¯eq , (35)
where we redefined the constant C, we took into account
that η
B
(B¯) ∝ Beq/B¯ for B¯ ≫ B¯eq/4, and we restored
the dimensional factor B¯eq. Note that the nonadvective
flux of the magnetic helicity was chosen in [22] in the
form F (χ) = Cχvφv(B¯)B¯
2η
(z)
A (B¯)(∇ρ0)/ρ0. This corre-
sponds to γ∗ = 1 in the function |F(B)|. For the specific
choice of the profile |χv(z)| = sin2(πz/2) we obtain
B¯ϕ ≈ 4
1 + ǫ
√
|C D| B¯eq cos
(
πz
2
)
, (36)
B¯r ≈ − 1 + ǫ
4|Rω| B¯eq tan
(
πz
2
)
, (37)
8where we have now restored the dimensional factor B¯eq.
The boundary conditions for B¯ϕ are B¯ϕ(z = 1) = 0,
B′ϕ(z = 0) = 0, and for Br are Br(z = 1) = 0,
B′r(z = 0) = 0. Note, however, that this asymptotic anal-
ysis performed for B¯ ≫ B¯eq/4 is not valid in the vicinity
of the point z = 1 because B¯(z = 1) = 0.
E. The dynamo waves
In order to elucidate the new effects caused by the dif-
ferential rotation, let us consider first a kinematic prob-
lem in a spherical geometry. Following [46] we study
dynamo action in a thin convective shell, average the lin-
earized equations (13) and (14) for A and B over the
depth of the convective shell. Then we neglect the curva-
ture of the convective shell and replace it by a flat slab.
These equations are obviously oversimplified. However,
they can be used to reproduce basic qualitative features
of solar and stellar activity (see, e.g., [47]). We are in-
terested in dynamo waves propagating from middle solar
latitudes towards the equator. We seek for a solution of
the obtained equations in the form of the growing waves,
A,B ∝ exp(γ t) exp[i(ω t−K ·R)], where the growth rate
of the dynamo waves with the frequency
ω = −αl
√
D |SK |
2
sgn(SK)√
σl +
√
σ2l + α
2
l
(38)
is given by
γ =
√
D |SK |
2
[
σl +
√
σ2l + α
2
l
]
−K2 . (39)
The frequency and the growth rate of the dynamo waves
are written in a dimensionless form. Here
αl = α+W∗ σ1 Sz ,
σl = W∗ σ0 SK +Ω∗ δΩ0 Kz ,
SK = Kθ∇r(δΩ)−Kr∇θ(δΩ) ,
Sz = cos θ∇r(δΩ)− sin θ∇θ(δΩ) ,
Kz = cos θKr − sin θKθ .
The total α effect, αl, is a sum of the usual α effect
(caused by helical motions) and a nonhelical contribu-
tion, W∗ σ1 Sz, due to the effect of the the mean differen-
tial rotation on the small-scale turbulence. The parame-
ter σl describes both, the shear-current effect determined
by W∗ σ0 SK term, and the Ω×J¯ effect determined by
Ω∗ δΩ0 Kz term. Even in nonhelical turbulent motions,
the mean magnetic field is generated due to the shear-
current effect and the Ω×J¯ effect.
IV. DISCUSSION
Let us discuss the nonlinear effects. It was shown re-
cently in [20] that the algebraic nonlinearity alone (i.e.,
algebraic quenching of both, the α effect and turbu-
lent magnetic diffusion) cannot saturate the growth of
the mean magnetic field. Note that the saturation of
the growth of the mean magnetic field in the case with
only an algebraic nonlinearity present can be achieved
when the derivative of the nonlinear dynamo number
with respect to the mean magnetic field is negative, i.e.,
dDN (B¯)/dB¯ < 0. HereDN(B¯) = α(B¯)/[ηA(B¯) ηB (B¯)] is
the nonlinear dynamo number. Thus, when the nonlinear
dynamo number decreases with the growth of the mean
magnetic field, the nonlinear saturation of the magnetic
field is possible.
In this study we showed that the differential rotation
of fluid can decrease the total α effect. In particular, the
mean differential rotation causes the nonhelical α effect,
W∗ σ1(B¯)∇z(δΩ), which is independent of a hydrody-
namic helicity. We demonstrated that there is no quench-
ing of this effect contrary to the quenching of the regular
nonlinear α effect, α(B¯) = χvφv(B¯)+αΩ+χc(B¯)φm(B¯).
In this study we found that these two kinds of the α ef-
fect have opposite signs. Thus, the total α effect should
change its sign during the nonlinear evolution of the mean
magnetic field, and there is a range of magnitudes of the
mean magnetic field, where the nonlinear dynamo num-
ber decreases with the growth of the mean magnetic field.
Therefore, the algebraic nonlinearity alone can saturate
the growth of the mean magnetic field if one take into ac-
count the effect of differential rotation on the nonlinear
electromotive force. For instance, the nonhelical α effect
causes a saturation of the growth of the mean magnetic
field at the base of the convective zone at B¯ ≤ 2B¯eq
(see below), where B¯eq is the equipartition mean mag-
netic field. However, the nonhelical α effect vanishes if
the mean rotation is constant on the cylinders which are
parallel to the rotation axis.
In this study we also demonstrated that the mean dif-
ferential rotation which causes the shear-current effect,
increases a growth rate of the large-scale dynamo insta-
bility at weak mean magnetic fields, and causes a sat-
uration of the growth of the mean magnetic field for a
stronger field.
The nonlinear shear-current effect and the nonhelical
α effect become very important at the base of the con-
vective zone (see below). When we apply the obtained
results to the solar convective zone, we have to take into
account that all physical ingredients of the dynamo model
vary strongly with the depth H below the solar surface
and we have to use some average quantities in the dy-
namo equations. We use mainly estimates of govern-
ing parameters taken from models of the solar convec-
tive zone (see, e.g., [48, 49]). In particular, in the upper
part of the convective zone, say at depth H ∼ 2×107 cm,
the magnetic Reynolds number Rm ∼ 105, the maximum
scale of turbulent motions l0 ∼ 2.6 × 107 cm, the char-
acteristic turbulent velocity in the maximum scale l0 of
turbulent motions u0 ∼ 9.4×104 cm s−1, the fluid density
ρ0 ∼ 4.5 × 10−7 g cm−3, the turbulent magnetic diffu-
sion η
T
∼ 0.8× 1012 cm2 s−1 and the equipartition mean
9magnetic field is B¯eq = 220 G. Thus, in the upper part
of the convective zone the parametersW∗ ∼ 10−3− 10−4
and Ω∗ ∼ 5× (10−3 − 10−4). According to various mod-
els, the ranges of the dynamo number D ≈ 103− 106 can
be considered as realistic for the solar case. At the base
of the convective zone (at depth H ∼ 2 × 1010 cm), the
magnetic Reynolds number Rm = l0u0/η ∼ 2 · 109, the
maximum scale of turbulent motions l0 ∼ 8×109 cm, the
characteristic turbulent velocity u0 ∼ 2×103 cm s−1, the
fluid density ρ0 ∼ 2 × 10−1 g cm−3, the turbulent mag-
netic diffusion η
T
∼ 5.3×1012 cm2s−1. The equipartition
mean magnetic field B¯eq = 3000 G. Thus, at the base of
the convective zone the parameters W∗ ∼ 1 − 10 and
Ω∗ ∼ 5− 50. Thus, the effects of the differential rotation
(the nonlinear shear-current effect and the nonhelical α
effect) become very important at the base of the con-
vective zone. Since these effects are not quenched, they
might be the only surviving effects.
APPENDIX A: EFFECTS OF UNIFORM AND
DIFFERENTIAL ROTATIONS
The method of the derivation of equation for the non-
linear electromotive force in a rotating turbulence is sim-
ilar to that used in [26] for a nonrotating turbulence
with an imposed mean velocity shear. In the frame-
work of a mean-field approach we derive equations for
the following correlation functions: fij(k) = Lˆ(ui;uj),
hij(k) = Lˆ(bi; bj) and gij(k) = Lˆ(bi;uj), where Lˆ(ai; cj)
is determined by Eq. (5). In order to exclude the pres-
sure term from the equation of motion (3) we calculate
∇×(∇×u). Then we rewrite the obtained equation and
Eq. (4) in a Fourier space. The equations for these cor-
relation functions are given by
∂fij(k)
∂t
= MΩijpqfpq + I
σ
ijmn(U¯)fmn
+i(k·B¯)Φ(M)ij + Ifij + Fij + DˆfNij , (A1)
∂hij(k)
∂t
= Eσijmn(U¯)hmn − i(k·B¯)Φ(M)ij
+Ihij + Dˆh
N
ij , (A2)
∂gij(k)
∂t
= DΩjngin + J
σ
ijmn(U¯)gmn + i(k·B¯)[fij(k)
−hij(k) − h(H)ij ] + Igij + DˆgNij , (A3)
where the mean velocity U¯ describes the dif-
ferential rotation, Φ
(M)
ij (k) = gij(k) − gji(−k),
Fij(k) = 〈F˜i(k)uj(−k)〉 + 〈ui(k)F˜j(−k)〉, F˜(k) =
k×(k×F(k))/k2ρ0. The tensors MΩijpq and DΩij are given
by
MΩijpq = Dip(k1)δjq +Djq(k2)δip = Mˆ
Ω
ijpq + M˜
Ω
ijpq ,
DΩij = Dij(k2) = Dˆ
Ω
ij + D˜
Ω
ij ,
MˆΩijpq = 2Ωmkmn(εipnδjq + εiqnδip) ,
M˜Ωijpq = −2iΩmTmnl(εipnδjq − εiqnδip)∇l ,
DˆΩij = 2εijmΩmkmn , D˜
Ω
ij = 2iεijmΩmTmnl∇l ,
Tmnp = (1/2k
2)(kmδnp + knδmp − 2k kmnp) ,
where Dij(k) = 2εijmkm(k · Ω)/k2. The tensors
Iσijmn(U¯), E
σ
ijmn(U¯) and J
σ
ijmn(U¯) are given by
Iσijmn(U¯) =
[
2kiqδmpδjn + 2kjqδimδpn − δimδjqδnp
−δiqδjnδmp + δimδjnkq ∂
∂kp
]
∇pU¯q ,
Eσijmn(U¯) = (δimδjq + δjmδiq)∇nU¯q ,
Jσijmn(U¯) =
[
2kjqδimδpn − δimδpnδjq + δjnδpmδiq
+δimδjnkq
∂
∂kp
]
∇pU¯q
(see [25, 26]), where δij is the Kronecker tensor, kij =
kikj/k
2. Equation (A1)-(A3) are written in a frame
moving with a local velocity U¯. For the derivation of
Eqs. (A1)-(A3) we used the relation
εijnΩnk
2 + (εinlkj − εjnlki)knΩl = εijnkn(k ·Ω) ,
which applies to arbitrary vectors k and Ω (see [28]).
The source terms Ifij , I
h
ij and I
g
ij (which contain the
large-scale spatial derivatives of the mean magnetic field
and the second moments) are given by
Ifij =
1
2
(B¯·∇)Φ(P )ij + [gqj(k)(2Pin(k)− δin)
+gqi(−k)(2Pjn(k)− δjn)]B¯n,q − B¯n,qknΦ(P )ijq ,
(A4)
Ihij =
1
2
(B¯·∇)Φ(P )ij − [giq(k)δjn + gjq(−k)δin]B¯n,q
−B¯n,qknΦ(P )ijq , (A5)
Igij =
1
2
(B¯·∇)(fij + hij) + hiq(2Pjn(k)− δjn)B¯n,q
−fnjB¯i,n − B¯n,qkn(fijq + hijq) (A6)
(see [26]), where∇ = ∂/∂R, Φ
(P )
ij (k) = gij(k)+gji(−k),
and B¯i,j = ∇jB¯i, fNij , hNij and gNij are the third mo-
ments appearing due to the nonlinear terms, fijq =
(1/2)∂fij/∂kq, and similarly for hijq and Φ
(P )
ijq . To derive
Eqs. (A1)-(A3) we used the identity:
i
∫
dK dQ (kp +Kp/2)B¯p(Q) exp(iK·R)
×〈ui(k +K/2−Q)uj(−k+K/2)〉
≃
[
i(k · B¯) + 1
2
(B¯ ·∇)
]
fij(k,R)− 1
2
kp
∂fij(k)
∂ks
B¯p,s
(A7)
(see [20]). We took into account that in Eq. (A3) the
terms with symmetric tensors with respect to the indexes
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”i” and ”j” do not contribute to the electromotive force
because Em = εmji gij . In Eqs. (A1)-(A3) we neglected
the second and higher derivatives over R. To derive Eqs.
(A1)-(A3) we also used the following identity
iki
∫
fij(k− 1
2
Q,K−Q)U¯p(Q) exp(iK·R) dK dQ
= −1
2
U¯p∇ifij + 1
2
fij∇iU¯p − i
4
(∇sU¯p)
(
∇i ∂fij
∂ks
)
+
i
4
(
∂fij
∂ks
)
(∇s∇iU¯p) (A8)
(see [25]). We split the tensor of magnetic fluctuations
into nonhelical, hij , and helical, h
(H)
ij , parts. The helical
part of the tensor of magnetic fluctuations depends on the
magnetic helicity and it is not determined by Eq. (A2).
The tensor h
(H)
ij is determined by the dynamic equation
which follows from the magnetic helicity conservation ar-
guments [4, 39] (see also [12, 14, 17, 21, 22, 23]).
First, we consider a nonrotating and shear free turbu-
lence (Ω = 0; ∇iU¯ = 0), and we omit tensors Iσijmn(U¯),
Eσijmn(U¯) and J
σ
ijmn(U¯) in Eqs. (A1)-(A3). First we
solve Eqs. (A1)-(A3) neglecting the sources Ifij , I
h
ij , I
g
ij
with the large-scale spatial derivatives. Then we will
take into account the terms with the large-scale spatial
derivatives by perturbations. We start with Eqs. (A1)-
(A3) written for nonhelical parts of the tensors, and then
consider Eqs. (A1)-(A3) for helical parts of the tensors.
We subtract Eqs. (A1)-(A3) written for background
turbulence (for B¯ = 0) from those for B¯ 6= 0, use the
τ approximation [which is determined by Eqs. (6)-(8)],
neglect the terms with the large-scale spatial derivatives,
assume that ηk2 ≪ τ−1(k) and νk2 ≪ τ−1(k) for the
inertial range of turbulent fluid flow, and assume that
the characteristic time of variation of the mean magnetic
field B¯ is substantially larger than the correlation time
τ(k) for all turbulence scales. We split all correlation
functions into symmetric and antisymmetric parts with
respect to the wave number k, e.g., fij = f
(s)
ij + f
(a)
ij ,
where f
(s)
ij = [fij(k) + fij(−k)]/2 is the symmetric part
and f
(a)
ij = [fij(k)−fij(−k)]/2 is the antisymmetric part,
and similarly for other tensors. Thus, we obtain
fˆ
(s)
ij (k) ≈
1
1 + 2ψ
[(1 + ψ)f
(0,s)
ij (k) + ψh
(0,s)
ij (k)] ,
(A9)
hˆ
(s)
ij (k) ≈
1
1 + 2ψ
[ψf
(0,s)
ij (k) + (1 + ψ)h
(0,s)
ij (k)] ,
(A10)
gˆ
(a)
ij (k) ≈
iτ(k·B¯)
1 + 2ψ
[f
(0,s)
ij (k)− h(0,s)ij (k)] (A11)
(see [26]), where fˆij , hˆij and gˆij are solutions without the
sources Ifij , I
h
ij and I
g
ij , ψ(k) = 2(τ k·B¯)2. The correla-
tion functions fˆ
(a)
ij (k), hˆ
(a)
ij (k) and gˆ
(s)
ij (k) vanish if we
neglect the large-scale spatial derivatives, i.e., they are
proportional to the first-order spatial derivatives.
Now we take into account the large-scale spatial deriva-
tives in Eqs. (A1)-(A3) by perturbations. Their effect
determines the following steady-state equations for the
second moments f˜ij , h˜ij and g˜ij :
f˜
(a)
ij (k) = f
(0,a)
ij (k) + iτ(k·B¯)Φ˜(M,s)ij (k) + τIfij ,
(A12)
h˜
(a)
ij (k) = h
(0,a)
ij (k) − iτ(k·B¯)Φ˜(M,s)ij (k) + τIhij ,
(A13)
g˜
(s)
ij (k) = iτ(k·B¯)(f˜ (a)ij (k)− h˜(a)ij (k)) + τIgij ,
(A14)
where Φ˜
(M,s)
ij = [Φ˜
(M)
ij (k) + Φ˜
(M)
ij (−k)]/2. Here f˜ij , h˜ij
and g˜ij denote the contributions to the second moments
caused by the large-scale spatial derivatives. The corre-
lation functions of the background turbulence f
(0,a)
ij (k)
and h
(0,a)
ij (k) are determined by the inhomogeneity of
turbulence [see Eqs. (9) and (10)]. The solution of Eqs.
(A12)-(A14) yield
Φ˜(M,s)mn (k) =
2iτ(k·B¯)
1 + 2ψ
(f (0,a)mn − h((0,a))mn ) +
[
(1 + ǫ)
×(1 + 2ψ)(δnjδmk − δmjδnk + knkδmj − kmkδnj)
−2(ǫ+ 2ψ)(knjδmk − kmjδnk)
]
τ B¯j,k
(1 + 2ψ)2
. (A15)
The correlation functions f˜
(s)
ij (k), h˜
(s)
ij (k) and g˜
(a)
ij (k) are
of the order of ∼ O(∇2), i.e., they are proportional to
the second-order spatial derivatives. Thus fˆij+ f˜ij is the
nonhelical part of the correlation function of the velocity
field for a nonrotating turbulence, and similarly for other
second moments.
Next, we solve Eqs. (A1)-(A3) for helical parts of the
tensors for a nonrotating turbulence using the same ap-
proach which we used before (see also [26]). The steady-
state solution of Eqs. (A1) and (A3) for the helical parts
of the tensor reads:
Φ
(M,H)
ij (k) =
2iτ(k·B¯)
1 + ψ
(f
(0,H)
ij − h(H)ij ) . (A16)
where Φ
(M,H)
ij (k) = g
(H)
ij (k)− g(H)ji (−k) and f (0,H)ij (k) is
the helical part of the tensor for velocity field of the back-
ground turbulence. The tensor h
(H)
ij is determined by the
dynamic equation [17, 39]. Since f
(0,H)
ij and h
(H)
ij are of
the order of O(∇) we do not need to take into account
the source terms with the large-scale spatial derivatives.
Now we determine the nonlinear electromotive force
Ei(r = 0) = (1/2)εinm
∫
[Φ
(M,H)
mn (k) + Φ˜
(M,s)
mn (k)] dk in a
nonrotating and shear free turbulence:
Ei = εinm
∫ [
iτ(k·B¯)
1 + ψ
(f (0,H)mn − h(H)mn ) +
τ
1 + 2ψ
{Igmn
11
+i(k·B¯)[f (0,a)mn − h(0,a)mn + τ(Ifmn − Ihmn)]}
]
dk .
(A17)
To integrate in k-space in the nonlinear electromotive
force we specify a model for the background turbulence
[see Eqs. (9)-(10)]. After the integration in k-space we
obtain the nonlinear electromotive force:
Ei = aijB¯j + bijkB¯j,k , (A18)
where B¯i,j = ∂B¯i/∂Rj, εijk is the Levi-Civita tensor,
and the tensors aij and bijk are given by
aij =
1
6
τ0
[
A
(1)
1 (
√
2β) εijn −A(1)2 (
√
2β)εinm βmj
]
×∇n[〈u2〉(0) − 〈b2〉(0)] + [χv φv(β)
+χc(B¯)φm(β)] δij , (A19)
bijk = ηT
[
φ1(B¯) εijk + φ2(B¯) εijn βnk
+φ3(B¯) εink βnj
]
, (A20)
where βij = B¯iB¯j/B¯
2, the quenching functions φv(β),
φm(β) and φk(B¯) are determined by Eqs. (17), (18)
and (22), respectively, β = 4B¯/(u0
√
2µρ), ǫ =
〈b2〉(0)/〈u2〉(0), and all calculations are made for q = 5/3.
The parameter χv = −τ0 µv/3 is related to the hydrody-
namic helicity µv of the background turbulence, and the
function χc(B¯) = (τ/3µρ)〈b · (∇×b)〉 is related to the
current helicity. These parameters are written in the di-
mensional form. To integrate over the angles in k-space
we used the following identity:
K¯ij =
∫
kij sin θ
1 + a cos2 θ
dθ dϕ = A¯1δij + A¯2βij , (A21)
where a = β2/τ¯(k), and
A¯1 =
2π
a
[
(a+ 1)
arctan(
√
a)√
a
− 1
]
, (A22)
A¯2 = −2π
a
[
(a+ 3)
arctan(
√
a)√
a
− 3
]
(A23)
(for details, see [20, 26]). The functions A
(1)
n (β) are given
by
A(1)n (β) =
3β4
π
∫ ∞
β
A¯n(X
2)
X5
dX , (A24)
where X2 = β2(k/k0)
2/3 = a, and we took into account
that the inertial range of the turbulence exists in the
scales: ld ≤ r ≤ l0. Here the maximum scale of the tur-
bulence l0 ≪ L, and ld = l0/Re3/4 is the viscous scale
of turbulence, Re = l0u0/ν is the Reynolds number, ν is
the kinematic viscosity and L is the characteristic scale
of variations of the nonuniform mean magnetic field. For
very large Reynolds numbers kd = l
−1
d is very large and
the turbulent hydrodynamic and magnetic energies are
very small in the viscous dissipative range of the tur-
bulence 0 ≤ r ≤ ld. Thus we integrated in A¯n over k
from k0 = l
−1
0 to ∞. We also used the following identity∫ 1
0
A¯n(a(τ¯ ))τ¯ dτ¯ = (2π/3)A
(1)
n (β). The explicit form of
the functions A¯k(β
2) and A
(1)
k (β), and their asymptotic
formulas are given in [26].
We use an identity B¯j,i = (∂Bˆ)ij + εijn(∇×B¯)n/2
which allows us to rewrite Eq. (A18) for the electromo-
tive force in the form of Eq. (2), where
αij(B¯) =
1
2
(aij + aji) , V
eff
k (B¯) =
1
2
εkjiaij , (A25)
ηij(B¯) =
1
4
(εikpbjkp + εjkpbikp) , (A26)
δi =
1
4
(bjji − bjij) , κijk(B¯) = −1
2
(bijk + bikj).
(A27)
(see [27]). Using Eqs. (A25)-(A27) and (A19)-(A20) we
derive equations for the coefficients defining nonlinear
electromotive force for a nonrotating turbulence. In par-
ticular,
αij(B¯) = [χ
v φv(β) + χc(B¯)φm(β)] δij , (A28)
Veff = η
T
[
Vd(B¯)− φ3(B¯)
2
Λ(B)
+
φ2(B¯)
B¯2
(B¯ ·∇)B¯
]
, (A29)
ηij = ηT φ1(B¯) δij , (A30)
where
Vd(B¯) = −1
2
φ1(B¯)(Λ
(u) − ǫΛ(b)) , (A31)
and Λ(B) = (∇B¯2)/B¯2. Note that Eqs. (A12)-(A20)
and (A28)-(A30) for a homogeneous and nonhelical back-
ground turbulence coincide with those derived in [26].
Now we study the effect of a mean uniform rotation
of the fluid on the nonlinear electromotive force in a
shear free turbulence. We consider a slow rotation rate
(τΩ≪ 1), i.e., we neglect terms∼ O(Ω2).We also neglect
terms ∼ O(∇2). However, we take into account terms
∼ O(Ωi∇j), that is possible by the following symmetry
reasons. The tensor Ωi∇j is a pseudo tensor, while ΩiΩj
and ∇i∇j are true tensors. This implies that a pseudo
tensor quantity includes terms ∝ Ωi∇j , but does not in-
clude terms ∝ ΩiΩj and ∝ ∇i∇j . On the other hand,
a true tensor quantity does not include terms ∝ Ωi∇j ,
but it may include the terms ∝ ΩiΩj and ∝ ∇i∇j .
The steady-state solution of Eqs. (A1) and (A3) for the
nonhelical parts of the tensors for a rotating turbulence
reads:
Nfijpq(Ω)fpq = τ{i(k·B¯)Φ(M)ij + Ifij} , (A32)
Ngnj(Ω)gin = τ{i(k·B¯)[fij(k) − hij(k)] + Igij} ,
(A33)
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where Nfijpq(Ω) = δipδjq − τMΩijpq and Ngij(Ω) = δij −
τDΩij . Here we use the following notations: the total cor-
relation function is fij = f¯ij + f
Ω
ij , where f¯ij = fˆij + f˜ij
is the correlation functions for a nonrotating turbulence,
and fΩij determines the contribution to the correlation
function of the velocity field caused by a uniform ro-
tation. The similar notations are for other correlation
functions. Now we solve Eqs. (A2), (A32) and (A33) by
iteration which yields
fΩij(k) = τ{MΩijpq f¯pq + i(k·B¯)Φ(M,Ω)ij
+If,Ωij (g
Ω
ij)} , (A34)
hΩij(k) = −τ{i(k·B¯)Φ(M,Ω)ij − Ih,Ωij (gΩij)} , (A35)
gΩij(k) = τ{DΩjng¯in + i(k·B¯)[fΩij − hΩij ]
+Ig,Ωij (f
Ω
ij , h
Ω
ij)} , (A36)
where Φ
(M,Ω)
ij (k) = g
Ω
ij(k) − gΩji(−k), the source terms
If,Ωij (g
Ω
ij), I
h,Ω
ij (g
Ω
ij) and I
g,Ω
ij (f
Ω
ij , h
Ω
ij) are determined by
Eqs. (A4)-(A6), where fij , hij , gij are replaced by f
Ω
ij ,
hΩij , g
Ω
ij , respectively. The solution of Eqs. (A34)-(A36)
yield equation for the symmetric part Φ
(M,Ω,s)
ij of the
tensor:
Φ
(M,Ω,s)
ij (k) =
τ
1 + 2ψ
{DΩjng¯in −DΩing¯jn + iτ(k·B¯)[If,Ωij
−If,Ωji + Ih,Ωji − Ih,Ωij + 2MΩijpq f¯pq]
+Ig,Ωij − Ig,Ωji } . (A37)
Thus, the effect of a uniform rotation on the
nonlinear electromotive force, EΩi (r = 0) ≡
(1/2)εinm
∫
Φ
(M,Ω,s)
mn dk, is determined by
EΩi = εinm
∫
τ
1 + 2ψ
{DΩnpg¯mp + iτ(k·B¯)[MΩmnpqf¯pq
+If,Ωmn − Ih,Ωmn ] + Ig,Ωmn} dk . (A38)
Now we use the following identities:
εinmDˆ
Ω
npg˜mp = 2Ωm(kimg˜pp − knmg˜ni) ,
εinmD˜
Ω
npgˆmp = 2i(Tigˆpp − Tngˆni) ,
εinmMˆ
Ω
mnpqf˜pq = 2Ωmknm(f˜in − f˜ni) ,
iεinmM˜
Ω
mnpqfˆpq = 4(Tifˆpp − Tnfˆin) ,
where Ti = ΩmTmip∇p. We also take into account that
knf˜ni = (i/2)∇nfˆni , knf˜in = −(i/2)∇nfˆin ,
kng˜ni = (i/2)∇ngˆni .
These equations follow from the condition ∇·u = 0.
Thus we obtain that the effect of a uniform rotation
on the nonlinear electromotive force is determined by
EΩi ≡ aΩijB¯j + bΩijkB¯j,k, where
aΩij =
∫
2τ2Ωm
1 + 2ψ
∇k
{
(kijmk − kij δmk)
[
2〈u2〉(0)
+
1− 2ψ
1 + 2ψ
[〈u2〉(0) − 〈b2〉(0)]
]
+ kim δjk [〈u2〉(0) + 〈b2〉(0)]
}
dk , (A39)
bΩijk =
∫
2τ2Ωm
(1 + 2ψ)2
{[
2(ψ − 1) + 4
1 + 2ψ
]
kijmk
−2ψ kjm δik +
[
3− 4
1 + 2ψ
]
kij δmk [〈u2〉(0)
−〈b2〉(0)]− (1 + 2ψ) k kijm ∂
∂kk
[〈u2〉(0)
+〈b2〉(0)]
}
dk , (A40)
and we used the identities:
(k·B¯)∇nψ = 2ψ kj B¯j,n ,
∂ψ
∂ki
= 4τ2 (k·B¯) B¯i − 2(q − 1)ψ ki
k2
.
Now we use the following identities:
B¯jK¯ijmnΩmΛn = {(C¯1 + C¯2) [ΩiΛj +ΩjΛi
+ δij (Ω·Λ)] + (C¯2 + 3C¯3) δij (Ω·βˆ)(Λ·βˆ)}B¯j ,
K¯ijΩj(B¯·Λ) = [A¯1 ΩiΛj + A¯2 δij (Ω·βˆ)(Λ·βˆ)]B¯j ,
B¯jK¯ij = (A¯1 + A¯2)B¯i ,
B¯j,i K¯jmΩm = A¯1∇i(Ω·B¯) + 1
2
A¯2 Λ
(B)
i (Ω·B¯) ,
B¯j,m K¯ijΩm = [A¯1 (Ω·∇) + 1
2
A¯2 (Ω·Λ(B))] B¯i ,
B¯j,k K¯ijmkΩm = C¯1 (Ωj δik +Ωk δij) B¯j,k +
1
2
{
C¯3 [2Λ
(B)
i (Ω·B¯) + Ωi(Λ(B)·B¯)] + C¯3 B¯i
[
(Ω·Λ(B))
+
2
B¯
(βˆ·∇)(Ω·B¯)
]
+ C¯2 (Ω·βˆ)(Λ(B)·βˆ) B¯i
}
− C¯3 1
B¯
(Ω·βˆ) (B¯×(∇×B¯)) ,
B¯j (B¯·∇) B¯n K¯ijmnΩm = 1
2
[
(C¯1 + C¯3) {[Λ(B)i (Ω·B¯) + Ωi(Λ(B)·B¯) + B¯i(Ω·Λ(B))]B¯2 − 2[ΩjB¯i
13
+ δij(Ω·B¯)](B¯×(∇×B¯))j}+ (C¯2 + 3C¯3) (Ω·B¯)(Λ(B)·B¯)
]
,
where
K¯ijmn =
∫
kijmn sin θ
1 + a cos2 θ
dθ dϕ = C¯1(δijδmn + δimδjn + δinδjm) + C¯2βijmn + C¯3(δijβmn + δimβjn
+δinβjm + δjmβin + δjnβim + δmnβij) , (A41)
and
C¯1 =
π
2a2
[
(a+ 1)2
arctan(
√
a)√
a
− 5a
3
− 1
]
,
C¯2 = A¯2 − 7A¯1 + 35C¯1 , C¯3 = A¯1 − 5C¯1 .
Integration in k-space yields
aΩij =
2
3
l20
{
E3ΩjΛ
(B)
i + E4 ΩiΛ
(B)
j +
1
B¯2
[
δij
(
E5 (Ω·Λ(B))B¯2 + [E6 (B¯·Λ(B)) + E7 (B¯·∇)](Ω·B¯)
+E8Ω·(B¯×(∇×B¯))
)
− E9 εijm(∇×B¯)m(Ω·B¯)
]
+ E10ΩjΛ
(v)
i + E11ΩiΛ
(v)
j + δij
(
E12 (Ω·Λ(v))
+E13
1
B¯2
(Ω·B¯)(B¯·Λ(v))
)
+ ǫ
[
E14 ΩjΛ
(b)
i + E15 ΩiΛ
(b)
j + δij
(
E16 (Ω·Λ(b)) + E17 1
B¯2
(Ω·B¯)(B¯·Λ(b))
)]}
,
(A42)
bΩijk =
2
3
l20(E1Ωjδik + E2Ωkδij) , (A43)
where
Ψ1{X}y = 3X(1)(y)− 3
2π
X¯(y2) ,
Ψ2{X}y = 4X(2)(y)− 3
2π
X¯(y2) ,
Ψ3{X}y = 6X(2)(y)− 3
π
X¯(y2) +
3
4π
y2X¯ ′z=y2 ,
Ψ4{X}y = [2− (1 + ǫ)(2q − 1)]Ψ2{X}y
+4(1− ǫ)Ψ3{X}y − (1 + 3ǫ)X(2)(y) ,
Ψ5{X}y = 2Ψ2{X}y +X(2)(y) ,
Ψ6{X}y = −2Ψ2{X}y +X(2)(y) , (A44)
X¯ ′ = dX¯/dz, and all calculations are made for q = 5/3,
E1 =
[
Ψ4{C1}y + (1 − ǫ)Ψ2{A1}y + 2ǫA(2)1 (y)
]
y=
√
2β
,
E2 =
[
Ψ4{C1}y − (1 − ǫ)(Ψ2 + 4Ψ3){A1}y
+(1 + ǫ)A
(2)
1 (y)
]
y=
√
2β
,
E3 = E7 − 1
2
E8 +
1
2
[
(1 − ǫ)Ψ2{A2}y
+2ǫA
(2)
2 (y)
]
y=
√
2β
,
E4 =
1
2
(E7 − E8) ,
E5 = E4 +
1
2
[
(1 + ǫ)A
(2)
2 (y)− (1− ǫ)(Ψ2
+4Ψ3){A2}y
]
y=
√
2β
,
E6 =
1
2
[
Ψ4{C2}y − 2(1 + ǫ) y2Ψ1{C2 + 3C3}y
]
y=
√
2β
,
E7 = Ψ4{C3}y=√2β , E9 = E7 − E8 ,
E8 = 4(1 + ǫ)β
2Ψ1{C1 + C3}√2β ,
E10 = Ψ5{C1 + C3}√2β , E11 = E10 +A(2)1 (
√
2β) ,
E12 = E10 −Ψ5{A1 +A2}√2β ,
E13 =
[
Ψ5{C2 + 3C3}y +A(2)2 (y)
]
y=
√
2β
,
E14 = Ψ6{C1 + C3}√2β , E15 = E14 +A(2)1 (
√
2β) ,
E16 = E14 −Ψ6{A1 +A2}√2β ,
E17 =
[
Ψ6{C2 + 3C3}y +A(2)2 (y)
]
y=
√
2β
.
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Note that Ψ1{A1}y = A(1)1 (y) + (1/2)A(1)2 (y). The func-
tions A
(2)
n (β) are given by
A(2)n (β) =
3β6
π
∫ ∞
β
A¯n(X
2)
X7
dX , (A45)
and similarly for C
(2)
n (β). We used the following iden-
tity
∫ 1
0
A¯n(a(τ¯ ))τ¯
2 dτ¯ = (2π/3)A
(2)
n (β), and similarly for
C
(2)
n (β). The explicit form of the functions A
(k)
n (β) and
C
(k)
n (β) and their asymptotic formulas are given in [26].
The asymptotic formulas for the tensors aΩij and b
Ω
ijk
for a weak mean magnetic field B¯ ≪ B¯eq/4 are given by
aΩij =
2 τ20
45
[
(Ωi∇j +Ωj∇i)(11 〈u2〉(0) + 3 〈b2〉(0))
−8 δij (Ω·∇)(3 〈u2〉(0) − 〈b2〉(0))
]
, (A46)
bΩijk =
4 l20
135
[
(11− ǫ)Ωjδik − 2(2− 7ǫ)Ωkδij
]
,
(A47)
and for B¯ ≫ B¯eq/4 they are given by
aΩij ≈ −
11l20
3β
δij (Ω·Λ(B)) (1− 1.3ǫ)− τ
2
0
3β2
[
δij (Ω·∇)
− 6πβ
7
√
2
Ωi∇j
]
(〈u2〉+ 〈b2〉) , (A48)
bΩijk ≈ −3
l20
β
[
(1− ǫ)Ωjδik + 5(1− ǫ)Ωkδij
]
.
(A49)
Using Eqs. (A25)-(A27) and (A42)-(A43) we derive for-
mulas for the contributions to the coefficients defining the
nonlinear electromotive force due to a uniform rotation.
In particular, the isotropic contribution to the hydrody-
namic part of the α effect caused by a uniform rotation
is given by
αΩij = α
Ω δij , (A50)
where αΩ is given by Eq. (16), and the quenching func-
tions φΩ1 (B¯) and φ
Ω
2 (B¯) which determine α
Ω, are given
by
φΩ1 (B¯) = Ψ5{A1 +A2 − C1 − C3}√2β , (A51)
φΩ2 (B¯) = Ψ6{A1 +A2 − C1 − C3}√2β . (A52)
The coefficients defining the nonlinear electromotive force
due to a uniform rotation for a weak mean magnetic field
B¯ ≪ B¯eq/4 are given by:
αΩij =
2 τ20
45
[
(Ωi∇j +Ωj∇i)(11 〈u2〉(0) + 3 〈b2〉(0))
−8 δij (Ω·∇)(3 〈u2〉(0) − 〈b2〉(0))
]
, (A53)
δΩ = −2 l
2
0
9
(1− ǫ)Ω , (A54)
κΩijk = −
14 l20
135
[
1 +
13
7
ǫ
]
(Ωjδik +Ωkδij) , (A55)
and for B¯ ≫ B¯eq/4 they are given by
αΩij ≈ −
δij
3β2
[
11 l20 β (Ω·Λ(B)) (1− ǫ)
+τ20 (Ω·∇) (〈u2〉+ 〈b2〉)
]
+
π τ20
7
√
2β
(Ωi∇j
+Ωj∇i) (〈u2〉+ 〈b2〉), (A56)
δΩ ≈ 17π l
2
0
14
√
2β
(1− ǫ)Ω , (A57)
κΩijk ≈ 8
l20
β
(1 − ǫ)(Ωjδik +Ωkδij) , (A58)
ηΩij = O(Ω
2), and we took into account that 〈u2〉+〈b2〉 ≈
〈u2〉(0) + 〈b2〉(0) +O(∇B¯). Asymptotic formulas (A46)-
(A47) and (A53)-(A55) in the limit of a very small mean
magnetic field coincide with those obtained in [28] for
q = 5/3.
Now we study the effect of the mean differential rota-
tion on the nonlinear electromotive force. We take into
account the tensors Iσijmn(U¯), E
σ
ijmn(U¯) and J
σ
ijmn(U¯)
in Eqs. (A1)-(A3). The contribution, Eσi , to the nonlin-
ear electromotive force caused by a mean velocity shear
is determined by
Eσi = εinm
∫
τ
1 + 2ψ
[
Jσmnpq g˜pq + iτ(k·B¯)[Iσmnpq f˜pq
+I(f,σ)mn − I(h,σ)mn ] + I(g,σ)mn
]
dk (A59)
(for details, see [26]), where the source terms I
(f,σ)
ij ≡
Ifij(g
σ
ij), I
(h,σ)
ij ≡ Ihij(gσij) and I(g,σ)ij ≡ Igij(fσij , hσij) are
determined by Eqs. (A4)-(A6), in which fij , hij , gij are
replaced by the corresponding correlation functions fσij ,
hσij , g
σ
ij that describe the contributions caused by a mean
velocity shear. After the integration in Eq. (A59), we
obtain
Eσi = aσijB¯j + bσijkB¯j,k . (A60)
The tensor aσij for an inhomogeneous turbulence is given
by Eq. (A67) below. For a homogeneous turbulence aσij =
0. This case has been considered in [26]. The tensor bσijk
is given by
bσijk = l
2
0
[ 7∑
n=1
Qn S
(n)
ijk
]
(A61)
(see [26]), where the coefficient Q3 = 0, and the other
coefficients calculated for q = 5/3 are given by
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Q1 =
1
3
[
A
(2)
1 − 3A(2)2 − 18C(2)1 + ǫ
(
A
(2)
1 +A
(2)
2 +
2
3
C
(2)
1
)
+ Ψ˜1
{
A1 + 2A2 +
34
3
C1 − ǫ
(
2A1 +A2 +
10
3
C1
)}
+Ψ˜2
{
−A1 + 7
3
C1 + ǫ(A1 − 5C1)
}
− (1 − ǫ)Ψ˜3{C1} − Ψ˜0{2A1 − 3C1}
]
,
Q2 =
1
3
[
−(A(2)1 + A(2)2 + 4C(2)1 ) + ǫ
(
−A(2)1 +A(2)2 +
32
3
C
(2)
1
)
+ Ψ˜1
{
−A1 +A2 + 74
3
C1 − 2ǫ
(
A2 +
61
3
C1
)}
+Ψ˜2{A1 − 27C1 − ǫ(A1 − 35C1)}+ (1 − ǫ)
(
Ψ˜3{−2A1 + 7C1} − 64
3
Ψ˜4{C1}+ 16Ψ˜5{C1}
)
+Ψ˜0
{
2A1 − 11
3
C1
}]
,
Q4 =
1
6
[
3A
(2)
1 +A
(2)
2 −
14
3
C
(2)
1 + ǫ
(
3A
(2)
1 −A(2)2 −
26
3
C
(2)
1
)
− Ψ˜1
{
A1 +A2 − 8
3
C1 − 2ǫ
(
A1 +A2
+
4
3
C1
)}
+ (1− ǫ)
(
Ψ˜2{A1 + C1} − Ψ˜3{C1}
)
+ Ψ˜0{C1}
]
,
Q5 =
1
6
[
A
(2)
1 +A
(2)
2 −
14
3
C
(2)
1 + ǫ
(
A
(2)
1 −A(2)2 −
26
3
C
(2)
1
)
− Ψ˜1
{
A1 −A2 − 8
3
C1 − 2ǫ
(
A1 −A2
+
4
3
C1
)}
+ (1− ǫ)
(
Ψ˜2{A1 + C1} − Ψ˜3{C1}
)
+ Ψ˜0{C1}
]
,
Q6 =
1
3
[
A
(2)
2 − 4C(2)3 − ǫ
(
A
(2)
2 −
32
3
C
(2)
3
)
+ Ψ˜1
{
−3A2 + 74
3
C3 + 2ǫ
(
A2 − 61
3
C3
)}
− (27− 35ǫ)Ψ˜2{C3}
−(1− ǫ)
(
Ψ˜3{A2 − 7C3}+ 64
3
Ψ˜4{C3} − 16Ψ˜5{C3}
)
+ Ψ˜0
{
A2 − 11
3
C3
}]
,
Q7 =
1
6
[
A
(2)
2 −
14
3
C
(2)
3 + ǫ
(
3A
(2)
2 −
26
3
C
(2)
3
)
+ Ψ˜1
{
A2 +
8
3
(1 + ǫ)C3
}
+ (1− ǫ)
(
Ψ˜2{2A2 + C3}
−Ψ˜3{A2 + C3}
)
+ Ψ˜0{A2 + C3}
]
.
Here
S
(1)
ijk = εijp(∂U¯)pk , S
(2)
ijk = εikp(∂U¯)pj ,
S
(3)
ijk = εjkp(∂U¯)pi , S
(4)
ijk = W¯kδij , S
(5)
ijk = W¯jδik ,
S
(6)
ijk = εikpβjq(∂U¯)pq , S
(7)
ijk = W¯kβij .
The coefficients defining the shear-current effect and the
nonhelical α effect are determined by
σ0 =
1
2
(Q2 + 2Q4 +Q6 + 2Q7) , (A62)
σ1 = −σ0 − 1
2
(Q1 + 2Q5) , (A63)
Thus, the nonlinear coefficient σ0(B¯) and σ1(B¯) are de-
termined by
σ0(B¯) = Ψa{A1 +A2}+Ψb{C1 + C3} , (A64)
σ1(B¯) = −σ0(B¯) + Ψc{A1}+Ψd{A2}+Ψe{C1} ,
(A65)
where
Ψa{X} = 1
3
[
(1 + ǫ)X(2)(
√
2β) + [Ψ˜0 − (1 − ǫ)(Ψ˜1
−Ψ˜2 + Ψ˜3)]{X}
]
,
Ψb{X} = 1
9
[
(3ǫ− 13)X(2)(
√
2β) + [12Ψ˜2 − 4Ψ˜0
−16Ψ˜1 + (1− ǫ)(57Ψ˜1 − 51Ψ˜2 + 9Ψ˜3
−32Ψ˜4 + 24Ψ˜5)]{X}
]
,
Ψc{X} = 1
3
[
−(1 + ǫ)X(2)(
√
2β) + Ψ˜0{X}
]
,
Ψd{X} = 1
6
[
2X(2)(
√
2β)− 3(1− ǫ)Ψ˜1{X}
]
,
Ψe{X} = 1
9
[
(34 + 12ǫ)X(2)(
√
2β) + [4Ψ˜2 − 6Ψ˜0
−20Ψ˜1 − (1− ǫ)(Ψ˜1 + 9Ψ˜2 − 3Ψ˜3)]{X}
]
,
and the functions Ψ˜k{X} are given by
Ψ˜0{X} = −1
2
(1 + ǫ)X(2)(0) + (2− ǫ)X(2)(
√
2β)
16
− 3
4π
(1− ǫ)X¯(2β2) ,
Ψ˜1{X} = −3X(2)(
√
2β) +
3
2π
X¯(2β2) ,
Ψ˜2{X} = 3X(2)(
√
2β)− 3
2π
[
X¯(y) +
1
2
yX¯ ′(y)
]
y=2β2
,
Ψ˜3{X} = −6X(2)(
√
2β) +
3
2π
[
2X¯(y)
+
1
2
yX¯ ′(y)
]
y=2β2
,
Ψ˜4{X} = 4X(2)(
√
2β)− 1
π
[
2X¯(y) + yX¯ ′(y)
+
1
4
y2X¯ ′′(y)
]
y=2β2
,
Ψ˜5{X} = −1
2
X(2)(
√
2β) +
1
4π
[
X¯(y)
+
1
2
yX¯ ′(y) + y2X¯ ′′(y)
]
y=2β2
. (A66)
The tensor aσij is given by
aσij = −
l20
6
[
F1 δij (W¯·Λ(v)) + F2 W¯iΛ(v)j + F3 W¯jΛ(v)i
+F4 S
(1)
ijnΛ
(v)
n + F5 S
(2)
ijnΛ
(v)
n + ǫ[F6 δij (W¯·Λ(b))
+F7 W¯iΛ
(b)
j + F8 W¯jΛ
(b)
i + F9 S
(1)
ijnΛ
(b)
n
+F10 S
(2)
ijnΛ
(b)
n ]
]
, (A67)
where
F1 = (3G
(2) −H(2)){A1}+ 1
2
[H(2){A2}
+A
(2)
2 (
√
2β)] ,
F2 = −1
2
[(6G(2) − 3H(2)){A1} −A(2)1 (
√
2β)] ,
F3 = −1
2
[H(2){A1 +A2}+A(2)1 (
√
2β)
+A
(2)
2 (
√
2β)] , F4 = −2F3 , F9 = −2F8 ,
F5 = −2F1 + 4
3
[
(3G(2) + 8H(2)){C1 + C3}
+4[C
(2)
1 (
√
2β) + C
(2)
3 (
√
2β)]
]
,
F6 = −3(G(2) −H(2)){A1} − 1
2
[H(2){A2}
−A(2)2 (
√
2β)] ,
F7 =
1
2
[(6G(2) − 7H(2)){A1}+A(2)1 (
√
2β)] ,
F8 =
1
2
[H(2){A1 +A2} −A(2)1 (
√
2β) −A(2)2 (
√
2β)] ,
F10 = −2F6 − 4(G(2) + 2H(2)){C1 + C3}
+
16
3
[C
(2)
1 (
√
2β) + C
(2)
3 (
√
2β)] ,
and
G(2){X} = 10X(2)(
√
2β)− 3
4π
[6X¯(y)
+yX¯ ′(y)]y=2β2 ,
H(2){X} = 4X(2)(
√
2β)− 3
2π
X¯(2β2)
= Ψ2{X}√2β ,
G(2){X} − H(2){X} = Ψ3{X}√2β ,
For the derivation of Eq. (A67) we used the following
identities
εinmΛnB¯jK¯jmpq∇pU¯q = 2(C¯1 + C¯3)εinqΛn(∂U¯)qjB¯j ,
(εimqK¯jmδpn − εinqK¯jp)ΛnB¯j∇pU¯q = (A¯1 + A¯2)ΛpB¯j
×
[
εijq(∂U¯)pq − εipq(∂U¯)jq − 1
2
(δipW¯j + δijW¯p)
]
,
εinmK¯mqΛnB¯j∇pU¯q = A¯1
[
εinq(∂U¯)jq +
1
2
(δjnW¯i
−δijW¯n)
]
ΛnB¯j .
An additional contribution to the isotropic part (αij ∝
αδij) of the nonlinear α effect [see Eq. (15)] due to both,
inhomogeneity of turbulence and mean differential rota-
tion in a nondimensional form in spherical coordinates is
given by
αδΩ =
LW∗
L
T
[
Ψ˜6{X}Λ(v) + ǫΨ˜7{X}Λ(b)
]
X=C1+C3
× sin θ ∂
∂θ
(δΩ) , (A68)
where
Ψ˜6{X} = −22
3
X(2)(
√
2β) +
1
12π
[
34X¯(y)
+yX¯ ′(y)
]
y=2β2
,
Ψ˜7{X} = 50
9
X(2)(
√
2β)− 1
4π
[
10X¯(y)
+yX¯ ′(y)
]
y=2β2
.
The contribution to the nonlinear α effect due to both,
inhomogeneity of turbulence and mean differential rota-
tion for a weak mean magnetic field B¯ ≪ B¯eq/4 is given
by
αδΩ = −2
9
LW∗
L
T
[
Λ(v) − ǫ
3
Λ(b)
]
sin θ
∂
∂θ
(δΩ) ,
(A69)
and for B¯ ≫ B¯eq/4 it is given by
αδΩ = − 1
9β2
LW∗
L
T
ǫΛ(b) sin θ
∂
∂θ
(δΩ) . (A70)
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Equations for αδΩ in cylindrical coordinates can be
obtained from Eqs. (A68)-(A70) after the change
sin θ(∂/∂θ)→ ρ(∂/∂ρ).
Note that the αδΩ term has been also calculated in [40]
for a kinematic problem using the second-order correla-
tion approximation (SOCA).
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